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1. INTRODUCTION

. One of the significant developments in the theory of sampling
in the last two decades is the use of ancillary information for obtain-
ing estimates of the population characteristics with improved pre-
¢ision, When such information is available, various estimators
for the population mean or total have been obtained for different
sampling designs by using different methods of estimation. When
the design adopted is simple random sampling without replacement,
it is known that the estimates built by ratio method of estimation
are biased. This bias is not always negligible. Thus, various
research workers have estimated the extent of bias and thereby for- .
mulated unbiased ratio-type estimators.

For a single phase design, Hartley and Ross (1954) developed
one ratio-type estimate for obtaining the unbiased estimate of the
population mean. Robson (1957) derived the exact formula for the
variance of this estimate. When the finite population correction
factor is negligible, Goodman and Hartley (1958) obtained the

- variance of this estimated mean along with an unbiased estimator
for the variance.

For a single-stage two-phase design, Sukhatme (1962) got the
unbijased ratio-type estimator and its variance using the technique
developed by Tukey (1956) and further extended by Robson (1957).

For a two-stage single phase design, Ross (1960) obtained the
unbiased ratio-type estimate and its variance and also discussed its
efficiency.

In-this paper, two ratio-type estimates of the population mean
in the case of {wo-stage sampling have been presented when the
ancillary information is not available for all the units in the
population.
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Using simple cost functions, the optimum allocation of the
sample units for attaining a given precision, the total cost of the
survey being fixed, have been worked out when two-phase sampling
scheme in two stdages is adopted.

Finally, for gétting the unbiased estimate and the variance of
biased and unbiased estimates, the same technique of symmetric
means developed by Tukey and extended by Robson (1957) has been
adopted for a sub-sampling design. A brief account of the technique
[vide Robson {1957)] together with the multiplication formula for the

product of two symmetric means is given below :—

The polynomial

1 a1 Qg1 am1 aiy asy Ay
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hFEh. Fdy o
in the mn variates x;;, i=1, .. .m; J=i,...n, is called a symmetric

mean and is denoted by _
<(x)>=<(a*) (@,*) ....(a*)>
where (af ) is the vector (ay;, . . . - @my).
Consider now two symmetric means
<(a)>=<(a,*) (@) . . . (a,*)> and
<BI>=<bB*) %) . . . (b*)>
Let - :
Py(“rps)=[(ail+b:i]) ----- (Gir+b1),
@ip+1) . ..o tai), (Diy+1). .. (D39)]
be obtained by pairing and adding Y elements of (¢,) with Y elements
of (Bs). Let us denote by Ry («,8,)=[Py(«,8,)] the set of all possible

Y; ( ; )(ys ) possible sets Py(«,8;). Then the product of two sym-

metric means <(x,)> and <<(B;)> is given by the formula

) _ 1 r .
< )><(B)> = e ,Yfgo(n)fw §<Pﬂ(arss), >, r<s

It can be seen that if these mn variates represent a simple
random samble of »n observations from an m dimensional finite popu-
lation of size N, the expected value of the Statistics <(«,)> taken

over (]:) possible samples.is the corresponding symmetric mean of

the population.
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2. RATIO-TYPE ESTIMATORS FOR A TWO-STAGE DESIGN WHEN THE
" POPULATION MEAN OF THE AUXILIARY CHARACTER IS NOT
KNOWN '

In a situation where the auxiliary information is not available
for all the units in the population, the procedure of double sampling is
usually adopted. In this procedure, a preliminary sample of size ‘n”
.is selected from N first-stage units and from each selected first-stage
‘unit consisting of M second-stage units. (Equality of M is applic-
able for large values of M). ‘m’ units are drawn for observing X,
the ancillary character. Again a random sub-sample of size n is
" drawn from n’' and from each first-stage unit thus selected, m units
are drawn at random to observe Y, the character under study. Using
this sampling scheme, we shall: ‘consider the problem of estimating
the population mean. Following notations developed by Tukey,
for a three- varlate populatlon

(i3 Vz:‘; rii),] L2...M ?llld i=]_, 2...N,
where :

Fiy=YiilXiiy
we have

Y = <010>"=<101>"

=the mean per element of Y in the population
X = <100>*

=the mean per element of X in the populatlon
R N <001>7 )

=the mean per clement of the ratio of Yto X in the popula-
tion '
Yi.=<010>'i=<101>'1

=the mean per element of Y in the ith primary unit in the

populatlon
X;.=<100>"i
.=the mean per element of X inthe ith primary unit ia the
population
R.. <001> i

=the mean per element of the ratio of ¥ to X intheith prlmary
unit in the populatlon

S|
Fom= - 2 <010>;
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=the mean per element of Y in the sample
n
= _ 1
T = n—z <100>;
i
=the mean per element of X in the sample

nl

5,,,,,1,:% Y <100>*
i

=the mean per element of X in the large sample

N n
7,1,,.=-;— Y <001>,
_ i

=the mean per element of the ratio of ¥ to X in the sample.

yim= <010>,
'=the mean per element of ¥ in the ith primary unit in the
sample '
Bim=<100>;

=the mean per element of X in the ith primary unit in the
sample : .

S—Tz_.-m’ =< 100> ,'*

=the mean per element of X in the ith primary unit in the large
sample :

Fen= <001>,

=the mean per element of the ratio of ¥ to X in the ith
primary unit in the sample

We shall now consider the following ratio-type estimate :
T1=7mn§n'm' «(2.1)

It can be easily verified that T, is biased. An unbiased esti-
mate of the bias in T} caii be shown to be equal to _

- - 1
Pam T’rnmwnm)'*" ( _l_’_) Sorz

n n

- n
1 1 1\1
+7(7n‘—7n")7 Y, sire
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-where - |
Sbrc 1 Z ("zm rmm) (xzm xnm)
and

1 - =
Sire=" 2 (V‘ia;,.—rifvn)(xl.j—xim)
Correcting T; for bias, an unbiased estimate for Yy, will be

: RN 1 -1
T2=T1+(yn;m_rnmx;nm) + (—n——;,—)wm
. n - .
11 TALxy _
+_n_’—(—n—1_~m—'>—n—2 Siry T (22)
Using the concept of symmetric means, the variance estimators

of T, and T, can be derived. As an illustration, the varlance of T,
has been derived as follows :

V(T)=EE(TOn] - [BETr )P oo 23)

where the symbols ¥V, E,, E,
have their usual meaning. -

Considering the first Component of R.H.S. in (2.3),
’ n -t n. n'
T 1 ! «
E(T3)|n=E; [7 Y, <001, 72 _,<001>,-:”:-;,—2 <100>¢]
i . i .

The expected value of a sam‘ple,_syqimetric mean being the corres-
ponding symmetric mean evaluated over all the units in the popula-
tion, the expected value given above can be simplified only if we
express it asa linear function of symmetric means. Using the multi-
plication formula for the product of two symmetric means, we have

. n n .

. BTy /n) [—— 2<002> + E<(001)(001)>* \

' (by definition)

I

2 <001> <001>:]
z#t

l

+nn(n
n’

[,32 <100> <100> +- ,22<100> <100> ]
i’
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Applying multiplication rule again, taking expectation and

retaining terms of the order of L or %,
N nm n'm

We get ' .
21N\ (n—l)(n'_"z)

EETE M) = NON—T(N—2)
N [} = ’ N ,
Y <001> <001>,<200> , +(m'~1) }} <001>

i#i’#i” : ) ¢ ¢ i i#i’#i” ¢
<001> | <(100)(100)> , :]
(0’ —1)(n'—2)

2 <100> <100> <002>
I#l”

I

i NN =) (V= )

(m—1) (' —1)n —
o NN = D= 2)2 <100> <100> <(001)(001)>

iEit i

d(n—1)(n'—2)

T NN = (N =2)

[: Y<001>, <1005, <101>
it o
N . , ’ ’ .

' =1) Y <001>, <100>, <(100)(001)> ]
il

n—DE —2)(n'—3)

NN =T =2 =3) Yy <oo1> <001>
i#i'#i”-—,éi”'

<100> A <100> - (24

+

Similarly

[ElEz(TI/n’):r — — 17 [N(N_l) % <001> <1oo> ]

N

2 —1)
+ o NON=T) <0io>" ¥ <001> <1oo>
i
20— (' —1) p '
n' — D' —1 " ! 2
. i

. (2.5)
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Substituting (2.4) and (2.5) in (2.3) and converting back the
symmetric means into standard notations, we have

V(Tl) = V(_’.'nm)jinmz“*‘ V(fn'm')E‘/M 2
+2R~NMX,NM Cov. (7,,,,,, 'J?n’m'), (2,6)
Similarly '

V(T2)= V(j’-m”)"l' V(EﬂM) R:VMz— V(Enlml )ENM2 Cov. (yﬂm.: iﬂM)RNM
~2 COV. (Fum, Zu'm’) Ry @)

Mean Square Errqr (M.S.E.)) of T, is given by
V(T}) +(Bias)?

MSE (T0)=V(rum) Enps*+ V(%,,’,,,')R?\.nu2

+4 CoV. (Famy &'?) Ryps Xoas

+CoV. (Fums Zy'u)* +RepeZnag — T wp)?

~2 Yyas Cov. Gams Fo'm) e (2.8)

We shall now investigate the efficiency of the unbiased estimator T
as compared to the estimator T,. Comparing the mean square
errors of T and T,, it can be shown that T, will be more efficient -
than 7' if the following conditions are satisfied :

Szbv + Szba:'R;M2 - ‘S’zbrtf?NM2

Pppy >3 veo (2.
bay 2 ' B Sba;sz, (2 9)
_ 82 FSuaRnst— S Tarng?
Pw:w>% wy wm_N% wr A NM . (210)
Swa:Swv
R, PyiySo,— Sy, R
P> —NM [ Zvauot — Do KNM e (2.11)
Ser L2 RupeZnps— Yoy
and .
_ RNME Puey Swy— Sy RNM .
Pypg> ~U[ Zwev Jun ™ Sua . - (2.12)
Sur L 2. Ropg Zypg—¥NM
where
- Sbau
sz”- sz Sbv
Stra
Pbr.?:: 0 b
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Similarly. -
- S
Pure==——
SWT Swm . ) ]
3., OPTIMUM ALLOCATION OF THE SAMPLE FOR THE UNBIASED
ESTIMATOR T, ' :
In this section' we shall consider the problem of optimum

allocation of the sample units when the double sampling is adopted
in a two-stage design. ‘Let Cy denote the total cost of the survey

which may, in this case, be expressed as,

L

_ Cy=Cin+Cynm + Cant’ +Cu'm’ . (3.1
.f\w_l_ggre_cl=the cost of visiting a primary unit in the second phase
sample. I ' ’

Tt C,=the’cost per second-stage unit in making observations and
N * recording the same. - : :
C;=the cost of visiting a primary umit in the first phase
sample. - ' -
and C,=the cost per second-stage unit in making and recording
the observation on character X.

Then the optimum variance of estimator Tj for large N and M
and for first order approximation, is given by . .

_ (WCrr VCTat VGVt VCHa)

V(T,) opt.=
0
where’ o s
V1=Szby+52bx —R;ZNM—'Z_R—NMSM” vee (3.2j
1 N N .. ' . N
1 © oz e, W
Vz.=7v—2 sz,y+7\f2 SzifRz.W—z RNMTV—ZJ_SM . (33)
i=1 - =l o i=1
Vy=2 Rypt Soor—S"0a RONM . | . B9
) N N -
— 1 -
V_4'= 7\/—21 Siay RNM'—'N'__:S_:I S%: R NM .. (3.5)
1= 1= B N
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- 4. ESTIMATES OF VARIANCE

Consistent estimates of variance of T; and T; can - be obtained
directly by replacing the population values by their corresponding
sample values. These are given by.

A A A — - A
V(T)=¥( F'nm)% nm T V(E,n'm') rmt2 tam¥nm Cov. (rnvm, En'm’)

V(TZ) V(ynm)'l'V(xﬂm)r amt2 COV (Fams % m)rnm .

—V(x m )l 8 w2 Iom COV (Frms Fnm) : . (42)
where ,

(rmn)— = ])" znm nr mn]
A _ ’ 1 ,
V@)= ;l’(n_—T) [z 5721'"1' —' % :l
‘ ‘ i
- " L
COV(r;m’En'm')=,mlt1—) [z P2 Fim — W ]
1 1 . "
m 1 _ 1 —
o (= )L B 2, T i
i
A t '
1 - -
V(Fum) = m[ z Y im—8Y % am ]
i
o . " _
A V(EHM)':}T(YITI_)[E Ezim_n Eznm]
i

n .
A .
Cov(ymm x'nm) = n(nl;l) [ E/ 'Eimy{m—'n?nmynm _]
) i

anq '

COV(ymm Xn m) e (I’l 1)[ z xzmy‘im""nxnmynm ]

T (nm n'm )l:nm zz x”y”_—'z xlm}’zm
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5. NUMERICAL ILLUSTRATION

The results obtained in sections 2 and 4 will now be illustrated
with reference to the data on wheat crop, collected from Mesrut
district of Uttar Pradesh during Rabi season 1965-66 in a survey
conducted by the Institute of Agricultural Research Statistics for
evolving suitable sampling procedure for obtaining reliable estimates
of yield rates of principal cereal crops at Community Development
Block-Level, .

The design of the survey was one of two phase, two-stage
random sampling where the first-stage units were villages and second-
stage units were fields. In the first phase of sampling about 50
villages were selected at random in each of the Community Develop-
ment Blocks (consisting of about 100 villages) in the district and in
each of the selected villages, 4 fields were selected at random for
obtaining the pre-harvest estimates of yield through eye-estimation
of the yield of fields. In the second phase of sampling, a sub-
sample of about 25 villages were selected from the first-phase sample
and in each of these villages, a random sub-sample of 2 fields was
selected from the first-phase sample of 4 fields. For the fields
selected in the second phase, the yield of the crop was estimated by
crop-cutting experiments.

The dafa collected in the survey have been utilized to esti-
. mate the yield of wheat crop in kilogram per hectare for each block
in the district. The results obtained are presented in the following
Table. The estimates obtained are presented along with ({heir
percentage standard arrors and have been compared with simple
estimates based upon the crop-cutting experiments alone. From the
Table it is seen that the percentage standard error of T is
smaller than the percentage standard error of T in every block of
the district.

If no use is made of supplementary information, the estimate
of the population mean is simply given by 7,.. This is tabulated in
column 4 of the Table. From the comparison of the percentage
standard errors of T; and V.., it is seen that the unbiased estimate
obtained from the double sample (T3) is always superior to the esti-
mate based on the crop-cutting alone in this case.




Blockwise estimates of average dry yield of wheat (kglha)

State : U.P., District : Meerut, Crop : Wheat, Year and Season . 1965-66 (Rabi)
No. of " No. of .
villages villages Mean of crop %SE Estimated %SE ES-’i_f:lt(Ilted ouSE
Block selected selected in | cutting yield yield (uniia A %
in the second the first Vs Gram) (biased) (Tp Tse ) 2
phase phase nm : Y 2
n n' ]
1 2 3 4 5 6 7 8 9
1. Dhaulana 40 180 1011 10.07 947.87 6.86 948.51 5.79
2. Binauli 50 200 1111 8.07 1503.45 7.72 1210.94 5.47
3. Baraut 22 96 1196 11.93 1283.28 11,27 1201.22 10.57
4. Machhra 33 136 1046 11.38 1128.75 10.13 1076.73 8.43
5. Jani Khurd 39 172 1003 9.34 1173.25 9.04 1037.04 8.73
6. Rajpur 38 172 1133 8.53 1095.75 8.14 1046.34 7.98

ONITAWNVS 37dN0d NI SUOLVWIISH HdXL-O1LVY
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